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Abstract 

We study correlation functions of coset constructions by utilizing the method of 
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the gravitational dressing. In particular, we look for logarithmic operators in the 
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1 Introduction 



Gauged Wess-Zumino-Novikov-Witten (WZNW) models [@]-@ belong to the type of 2D 
quantum field theories whose correlation functions can be studied systematically in a 
way which is similar to the Knizhnik-Zamolodchikov (KZ) approach to ordinary WZNW 
models [jXj . This approach being based upon clear physical principles has proved powerful 
in computation of correlators of WZNW models. Though one has to point out that there 
are a number of different rather algebraic algorithms one can make use of to find WZNW 
correlation functions, e.g. 0,0. 

A central element of the KZ method is a differential equation which is now called KZ 
equation 0. Correlation functions of the WZNW model turn out to be solutions of this 
equation. Since gauged WZNW models are closely related to ordinary WZNW models, 
it is quite natural to conjecture that correlators of the gauged WZNW model have to 
obey a certain gauge generalization of the KZ equation. In particular, Polyakov || has 
shown that correlation functions of gauged fermions do satisfy a KZ-type equation. At 
the same time, Witten has proved that free fermions are equivalent to the WZNW model 



at level one ||10|| . It is clear that the given equivalence has to hold for the gauged models 
as well. Hence, correlation functions of the gauged WZNW model at level one has to 
satisfy the same KZ-type equation of the gauged fermions. In [IT], we have derived a 
differential equation for correlators of the general gauged WZNW model following exactly 



this intuition. A different generalization of the KZ equation has been obtained in [12]. It 
is based on the so-called affine-Virasoro construction whose conformal algebra coincides 
with the one of the stress tensor of the gauged WZNW model (for review see ||13||). 

Gauged WZNW models have been under extensive consideration for quite a long time 
mainly because they describe coset constructions [TH] which play an important role in 



string theory and statistical physics. A recent discussion of these models is ||16|| . While 
algebraic properties of cosets have been quite well understood, much less is known about 
their correlation functions (except, perhaps, the case of the minimal models). The coset 
correlation functions are crucial for understanding of dynamical phenomena in theories 
such for example as two dimensional black holes |Ll . 
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Polyakov's approach to the gauge coupling also has been used to study gravitationally 



dressed correlation functions of general quantum field theories [fT7|| ,|lI8||,|2C||,|PI| (see also 
HI). Both gravitational and gauge interactions have many features in common. In fact, as 
we shall show in the present paper, the gravitational dressing can be equivalently described 
as the gauge dressing. What seems to have been missed so far form the discussion is the 
mix of gravitational and gauge dressings. This issue will be addressed in the present 
paper. 

In the present paper we would like to present all the details of our derivation of the 
gauged KZ equation |TT[ which is the subject of section 2. In section 3, we discuss how the 



known correlation functions of the minimal models emerge as solutions of our equation. 
In section 4, we carry on to look for the solutions of our equation in two other interesting 
cases of parafermions and Witten's 2D black hole. We argue that the latter gives rise 
to the differential equation which is similar to the equation describing the gravitational 
dressing. In section 5, we derive an equation which describes the mix of gravitational and 
gauge dressings. Section 6 contains conclusion and discussion of our results. 

2 Gauge dressing of the Knizhnik-Zamolodchikov equa- 
tion 

A large class of 2D conformal field theories is described by gauged WZNW models with 
the following action ( we use here the same normalization as in [|T(J) 

S(g, A) = S WZNW (g) + A J d 2 zTr [Ag^dg - Adgg~ l + Ag~ l Ag - AA] , (2.1) 

where 

SwzNw(g) = £- I d 2 z Trg-Wgg^dtf + ^- f d 3 z Trg^dg A g~ x dg A g~ x dg (2.2) 

S7T J 1Z7T J 

and g G G, A, A are the gauge fields taking values in the algebra TC of the diagonal group 
of the direct product H x H , H G G. 

It has become usual to study gauged WZNW models with the BRST method 0. 
However, this method is not very much of help in computing correlation functions, though, 



in principle, the free field realization of these theories allows one to calculate correlators 
of BRST invariant operators. We shall pursue a different approach which is parallel to 
the analysis of the gravitational dressing of 2D field theories. 

Our starting point are the equations of motion of the gauged WZNW model: 

ViVgg- 1 ) = 0, 

(2.3) 

BA - dA + [A, A] = 0, 

where 

V = B + A, V = d + A. (2.4) 

Under the gauge symmetry, the WZNW primary fields and the gauge fields A, A 
transform respectively as follows 

8 A = -de-[e,A], (2.5) 
8 A = -Be-[e,A), 

where £" G H. 

In order to fix the gauge invariance, we impose the following condition 

A = 0. (2.6) 

The given gauge fixing gives rise to the corresponding Faddeev-Popov ghosts with the 
action 



S ghost = J d 2 z Tr(bdc). (2.7) 
In the gauge ( |2.6|) , the equations of motion take the following form 

BJ = 0, 



(2.{ 



OA = 0, 

where 



J=~dgg- X - \gAg~ 1 . (2.9) 



Thus, J is a holomorphic current in the gauge Q2.6|) . Moreover, it has canonical commu- 
tation relations with the field g and itself: 

{J a (w),g(z)} = t a g(z)5(w,z), 

(2.10) 

{j a (w), J\z)) = f abc J c (z)5(w,z) + k/2S ab S'(w,z). 

The given commutators follow from the symplectic structure of the gauged WZNW model 
in the gauge (|2.6|). In this gauge, the field A plays a role of the parameter t> of the orbit 
of the affine group G J2"2"| . Therefore, the symplectic structure of the gauged WZNW 
model in the gauge (|2.6| ) coincides with the symplectic structure of the original WZNW 



model [E3 



There are residual symmetries which survive the gauge fixing (|2.6|). Under these 



symmetries the fields and the remaining gauge field A transform according to 

6^ = {e A L tf + e a R t a )^, 



(2.11) 



5 A = -de R -[e R ,A], 
where the parameters €l and e R are arbitrary holomorphic functions, 

de L , R = 0. (2.12) 
In eqs. (|2.11| ) the generators t A act on the left index of $j, whereas t a act on the right 



index of $j. One can notice that the left residual group is extended to the whole group 
G, whereas the right residual group is still the subgroup H. 
Eq. (|2.9| ) can be presented in the following form 

Ug + %}A + -Jg = 0. (2.13) 

Here rj and k are some renormalization constants due to regularization of the singular 
products g A and Jg. 

In order to compute i] and n, we need to do a few things. First of all, we have to find 
how the gauge field A acts on the fields To this end, let us define dressed correlation 



functions 

((•••» = JvAVA{---) exp -— J d 2 zTi{Ag- 1 dg + Adgg' 1 + AgAg' 1 + AA) 

(2.14) 

where (• • •) is the correlation function before gauging. The latter is found as a solution 
to the KZ equation 

Id N t A t A 1 ] 

2&" + g k + '4(G) « - ) <*■(*■*)*»(»■ *) - «*(»», »»)) - 0. (2.15) 

Here are the primary fields of the WZNW model ( |2.2| ), are the representations of 
the generators of G for the fields $j, 

c - = -de- < 2 - 16 ' 

In the gauge (|2.6|) , the dressed correlation functions ( [2.14j ) can be presented as follows 

((Qi(zi,zx)$ 2 (z2,Z2) ■ ■ ■ &n(z n ,z n ))) = J T>bVcexv(-S ghost ) J VAexp[-S eff (A)] 

(2.17) 

x J Vg $i(zi,^i)$ 2 (z2,z 2 ) • • • $n(zn,zn) exp[—T(g,A)], 
where S e ff(A) is the effective action of the field A and T(g,A) is formally identical to the 



original gauged WZNW action in the gauge (|2.6| ). The action S e ff is non-local and can be 



obtained by integration of the following variation (which follows from the Wess-Zumino 
anomaly condition) 

5A a 5A b K ' 



Here the constant r is to be defined from the consistency condition of the gauge (|2.6| ). 
which is 

J to t = 5Z/5A a = 0, a = 1,2,..., dim H, (2.19) 

at A = 0. Here Z is the partition function of the gauged WZNW model. Condition 
Q2.19 ) amounts to the vanishing of the central charge of the affine current J to t- This in 



turn means that J to t is a first class constraint ||. In order to use this constraint, we need 
to know the OPE of A with itself. This can be derived as follows. Let us consider the 
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identity 

r((dA{z)A(z 1 ) ■ ■ ■ A{z N ))) = JVA A{z x ) ■ ■ ■ A{z N ) 



d ji^) + f A iz) im 



(2.20) 



Here we used relation (|2.18|) . Integrating by parts in the path integral, we arrive at the 
following formula 



N 



fiaa k 



(2.21) 



r((A a (z)A^( Zl ) ■ ■ ■ A a »(z N ))) = — A^( Zl ) ■ ■ ■ A a k k ■ ■ ■ A a *{z N ))) 

£ = i {.Z Zk) 
faa^b 

+{—-((A^(z 1 )-..A b k ...A a »(z N )))}, 

Z Z k 

where A k means that the field A(z k ) is removed from the correlator. In the derivation of 
the last equation we used the following identity 



d- z —^— = 2m5 {2 \z-z k ). 

Z — Zk 



From eq. ( |2.21| ) it follows that 

tA'( z )A\V) = ± 



sab £abc 

+ } — A c (0) 

z A z 



+ reg. 



Along with condition ( 2.19 ), the equation (|2.23| ) gives the expression for r 

i(k + 2c v (H)) 



T 



Air 



(2.22) 



(2.23) 



(2.24) 



We proceed to derive the Ward identity associated with the residual symmetry ( [2.11| ). 
The Ward identity comes from the change of variables in eq. (2.17) under transformations 
(|2.11|) . We obtain the following relation 



N 



This yields 



Y / t a k d(z,z k )((<$> 1 {zi,z 1 )<$>2{z2,z 2 ) ■ ■ ■ $ N (z N ,z N ))) 
k=i 



-{{d- z A a {z)^{z u %)$ 2 («2, z 2 ) ■ ■ ■ ®n(zn, z n ))) = 0. 



27rr((A a (z)$ 1 (z 1 , z 1 )^ 2 (z 2 , z 2 ) ■ ■ ■ $ N (z N , z N ))) 



N 



(2.25) 



(2.26) 



fa 

k=l Z ~ Z k 



^ — — ((®i(*u zi)® 2 (z 2 , z 2 )--- <$> N (z N , Z N ))), 
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which in turn gives rise to the OPE between the gauge field A a and $j 

k<*w°> = krhm^- (2 ' 27) 

Now we are in a position to define the product [A a ,<I>j]. Indeed, we can define this 
according to the following rule 

*•(,)*.(,,„ =/£^M, (2.28) 

where the nominator is understood as OPE (|2.27 ). Formula ( |2.2S| ) is a definition of normal 
ordering for the product of two operators. 

Let us come back to eq. (|2.13|) . Variation of ( j2.13| ) under the residual symmetry with 
the parameter €r gives rise to the following relation 



1-77 1- 



c v(H) \ 



k + 2c v (H)J 

From this relation we find the renormalization constant rj 



dt R {z)g{z) = 0. (2.29) 



, = (2-30) 

k + Cy(H) 

In the classical limit k — > oo, r\ — *■ 1. 

With the given constant rj the equation ( |2.13 ) reads off 

where A(z) acts on g from the right hand side. In the same fashion, the constant k can 
be calculated from variation of ( ^.13[ ) under the residual symmetry with the parameter 
tL, which leads to 

' (2.32) 



k + c v (G) 

Note that the given expression for k is consistent with the condition that the combination 
d + f] A acted on g as a Virasoro generator L-±: 

2 T A T A 

L-ig = h - l ° 9i (2-33) 
k + cv{G) 



where 



Ji = f^J A (z), (2.34) 



with J A being denned by eqs. (2.10). 

All in all, with the regularization given by eq. ( 2.28| ) and the Ward identity (|2.26| ) the 
eq. ( |2.31| ) gives rise to the following differential equation 

\ 1 




t A t A 



k + c v (G) k + c v (H) J zi 



Z 3 



«$i(zi, z 1 )^ 2 (z 2 , z 2 )-<$>n(zn, z n )}} = 0, 

(2.35) 



where t A G Q and if G Ti. An important check of the consistency of this equation is that 
it should have a flat connection, ie. if we write (|2.35| ) as diG = W{G, the connection W% 
should satisfy 

djWi-diWj = [Wi,Wj]. (2.36) 

Since the connection in Wi in (|2.35|) is a sum of KZ-type terms, (|2.36|) follows simply from 
the fact that [t a ,?] = 0, so the equation is indeed consistent. 

Equation ( f2.35| ) is our main result. By solving it, one can find dressed correlation 
functions in the gauged WZNW model. The solutions can be expressed as products of 
the correlation functions in the WZNW model for the group G at level k and H at level 
— 2cy(H) — k. In particular, for the two-point function the equation yields 



|0«$ 4 (M)*j(O)» = - 



t A t A 



■((^•(z,z)%(0)». (2.37) 



k + c v (G) k + c v (H)_ 
By the projective symmetry, the two-point function has the following expression 

G, 



«$;(M)%(0)» 



|4A t 



(2.38) 



where Aj is the anomalous conformal dimension of $j after the gauge dressing and G^ 
is the Zamolodchikov metric which can be diagonalized. After substitution of expression 
( |2.38| ) into eq. ( |2.37| ), and using the fact that, as a consequence of the residual symmetry 
(|2.11|) , the dressed correlation functions must be singlets of both the left residual group 
G and the right residual group H, we find 

A . = ^m C AE1_ (2 39 ) 

1 k + c v (G) k + c v (HY 1 ^ } 

where q{G) = t A t A , q{H) = if if. 

Up to now we have only considered simple groups, but the above analysis can easily 
be extended to include semi-simple groups. Of particular interest are G/H coset models 
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where G = H x H and the diagonal H subgroup is gauged. In this case the action fl2.1|) 
becomes 



S{g,g,A) — SwzNwidiki) + S WZ Nw(g,k 2 



+ Y J d2zTl [ Ag ~ ld9 ~ Adgg ' X + A 9~ lA 9 ~ AA 
Ztc 



(2.40) 



A~g- l dg - Adg~g- L + Ag- l Ag - AA 



where SwzNw(g, k) is the same as in Q2.2D , g G and g G Hk 2 - The equations of motion 
in the gauge (|2.6|) are now 

dJ x = dJ 2 = 8A = 0, (2.41) 



where, 



Ji 



~dgg 1 - Y gAg 1 



~^dgg 1 



(2.42) 



The residual symmetries ( p. 11 ) take the form 



5 A = -de R -[e R ,A], 



(2.43) 



where t a are the generators for and s a are the generators for Hj, 2 , so that t a + s a are 
the generators of the diagonal subgroup. 

As in eq. ( [2.13| ), eq. ( |2.42j ) can be presented in the form 

1 . 1 



\d{g~g) + %g)A + —J x g~g + —J 2 gg = 0. 



(2.44) 



The renormalization constants rj, K\ and k 2 can be found in the same way as for simple 
groups, giving a differential equation similar to fl2.35| ). 



N 



+ 



+ + 5?) 



l_8_ y 

2dzi f^i\ki + c v (H) ' k 2 + c v {H) h + k 2 + c v (H) j 

x z x ) ■ ■ ■ <$> N (z N , z N )}} = 0. (2.45) 
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Note that we have derived an equation (|2.35|) or Q2.45 ) for the holomorphic part of the 



correlation function only. This is because we started from the gauge (|2.6| ). We could 
also have used the gauge A = 0, in which case we would have derived the same equation 
with z replaced by z, and t a by i a . Therefore for gauge invariant correlation functions the 
holomorphic and antiholomorphic parts will be a solutions to ( |2.35 ). 



3 Minimal Models 



To illustrate the use of (and as a check of the correctness of) equation ( 2.45|) , we consider 



the unitary minimal series of models, with central charge c = 1 , 6 , ,s , which is well 

J ' ° m(m+l) ' 

known to coincide with the coset model for su tyun\ U ^~ l ■, with m = k + 2. The dimensions 
of primary fields in these models are given by the Kac formula, which can be presented 
in the form 

[r(m + 1) - smf - 1 _ j{j + 1) _ f(f + 1) eje + 1) , 
r ' s ~ 4m(m+l) ~ k + 2 k + 3 + 3 + 1 ' 

Here r = 2j + 1, s = 2j' + 1, e = and n 2 = (j — j') 2 if j — j' is an integer, and e = 1/2 

and n 2 = (j — j') 2 — 4 if j — j' is a half integer, r, s are integers with 1 < r < m and 

1 < s < m + 1. 

We shall construct fields in the minimal model from primary fields of the WZNW 
model as follows. We observe that the primary field 4>j with isospin j under SU(2)k and 
a singlet under 577(2) i, will have isospin j in SU {2) k+ i and so, according to eq. Q2.39p will 
have dimension 

h j = M + 1) - M + 1) =h rr . (3.47) 
3 k + 2 k + 3 ' K ' 

The primary fields cf)j x g, with isospin j under SU(2)k and isospin 1/2 under SU (2)i, 
have two components, with isospin j ± 1/2 in S77(2) fe+ i, giving the dimensions 

^ " TT2 fcT^ + 1 " Kr±1 (3 ' 48) 

We can therefore identify the fields $ rjr and $ r ,r±i as 

$r,r±i = Tr{0,x^}. ± i (3.49) 
10 



In the WZNW model for SU(2)k the primary fields have isospins 0, |, . . . , |, giving 1 < 
r < in and l<s<m+las expected. For SU (2)i there is only j — or |, so we cannot 
construct any other fields in this way. The differential equation ( |2.45 ) for a correlation 
function of these fields is 

ld_ "(tftf sfsf itt + st){tf + sf) \ 1 \ 
2dzi j^\k + 2 3 k + 3 ) Zi-Zjf' { ' ' 

(($iOi, «i) • • • $jv(2iv, zjv)}) = 0, 
t A and s" 4 are the generators of the SU(2)k and SU{2)\ respectively. All the solutions 



to eq. (|3.50| ) can be written as products of correlation functions of primary fields in the 



WZNW model at levels k, 1, and (—k — 5) (the (—k — 5) factor comes from writing 



fc+3 (-fc-5)+2/' 

z x ) ■ - ■ ® N (z N , z N ))) = f k (zi, zjv)/l(zi, • • • , z N )f^ 5 (zx, ...,z N ) (3.51) 

where fk(zi, . . . , ^at) is a solution to the KZ equation for SU{2) k : 

Id 1 N t A t A 1 

2^ ^ — g F+3 = < 3 ' 52 > 

It was already shown in [0 that the coset model factorises into SU(2)k, SU(2)% and 
SU(2)_ k _ 5 sectors. 

The simplest correlation functions to calculate in this way are the functions for the 
fields $1,2, $2,1 and $2,2- The 4-point functions for these fields can be built up from the 
conformal blocks in the SU(2) WZNW model for the field in the fundamental represen- 
tation of 577(2). These are Jj]]: 

{g eiSl (zi, zi)gl 2e2 {z 2 ,z 2 )ge 3 e 3 (z3, z 3 )gl iei (z 4 , z 4 )) = -, G AB {x,x)I A I B 



\zuZ23 



A,B=0A 



[Zl ~ Z 2 )(Z 3 - Z 4 ) 

[z x - z 4 )(z 3 - z 2 ) ~ 4(2 + k) 



X ~ 77. 777 77 ^ ~~ J7o , 77 ^1 ~~ ^eie2^e 3 £4 ^2 — ^eie4^€2e 3 
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G AB (x,x) = £ U„FM{x)F«> 



P,g=o,i 



3 4 + A; 



ni i i 13 2 

F,Yn(x) = -2x 2 ( 2 + fc )(l -x) 2 < 2 + fc >F( -, -; -:x) 

2 ' [fc]V ' v ; 2 + /c 2 + fc 2 + /c 



t/io = U 01 = Un = hU w 

4r(i±|)r(^)r 2 (^) 



In the case of fc = 1, The conformal blocks F^^(x) are excluded, and the remaining 
functions reduce to 

„ / \ /l — X\ 2 

1,mW = (— )_ 

F m & = (j^)* (3.54) 

The first example we consider is the four-point function of the $^2 field. By equation 
( |3.49| ), $12 = (jee^ee, and so we find from equations ( |3.50| ) and ( |3.53| ) the following con- 
formal blocks: 

(ZuZ23)- 2kl - 2 ^f 2) (x) ~ (($l,2(^l)$l,2(^)$l, 2 (^3)$l,2(^4))) 

jf A (x) = 2F^ k _ 5] (x)F m (x) + 2F^_ k _, ] F m (x) + 

+F^ k _ 5] (x)F m (x) + F^ k _ 5] (x)F m (x) (3.55) 

The expression for the conformal blocks for the fields <E> 2 ,i = ge^^^Se^d^ an d ^2,2 = 
g e e$ee-i are similar: 

{zx^y^t^x) ~ {{^2M)^M)^M)^2,M))) 

T^x) = 2F[% ] {x)F m {x) + 2F!?l ] F m {x) + 



+F[ p Ux)F m {x) + F%L{x)F m { 



x 



(z U Z 23 )- 2h ^^$(x) ~ (($2 ) 2(^l)$2,2(^2) < f2,2(^3)$2,2(^4))) 

^(2,2)( X ) = ^l,[k]( X )^[-k-B]( X ) + 2F 2 ^F 2 ^_ k _ 5 ](x) + 

(*)4[-*-5] (*) + (*K?- fe -5] (*) (3.56) 
12 



This gives two solutions for the conformal blocks for the $1^ and $2,1 fields, and four for 
the $2,2 field, but the equation ( j3.50|) is actually a fourth order differential equation in all 
three cases, and so there are two more solutions (which are given by replacing F^i](x) by 
Fa [i]( x ) m (|3-55|) and (|3.56| )). When the x dependence is restored by imposing conditions 
of crossing symmetry and locality, the two extra solutions do not contribute to the full 
4-point function. Using eq. ( |3.54| ), the conformal blocks for the $12 and $2,1 fields can 
be reduced to expressions containing only one hypergeometric function, which agree with 



the conformal blocks given in [27 



= 2l -. J(1 _ l) ,, 1 -*., F (|±|,_l_ ; _l_ ;i ) 

(1 ' 2)V ; A;+1 LV n \fc + 3'fc + 3'fc + 3 y 



;x) (3.57) 



k + 2' k + 2 ' k + 2 '\ 

The trace in eq. ( |3.49| ) ensures that all fields are gauge singlets. If instead we simply 
considered g e ^ or g e ^, we would find similar solutions to ( |3.50| ) but there are no simul- 
taneous non-trivial solutions to the equation for the x dependence. In this way we can 
express all correlation functions of $ rjr fields in terms of correlation functions in £77 (2) ^ 
and S"?7(2)_fc_5 WZNW models, and functions of $ r ,r±i in terms of functions in SU(2)k, 
SU {2)i and ££/(2)_ fc _ 5 WZNW models. Equation Q3T50[) does not apply to fields with 
|r — s\ > 1, since in deriving eq. ( [2.45 ) we assumed that we were dealing with primary 
fields of the ungauged WZNW model. However, using the relation h rjS = h m _ rtm+ i_ s , fields 
with s = r + 2 can also be considered as fields with r — s — 1, ie. $ r ,r+2 = ® m -r,m-r-i, 
and so we can also use ( |3.50| ) to find correlation functions involving these fields. It can 
be seen from eq. ( 3.4tj| ) that the fields which obey eq. (3.5U) include all the relevant 
fields (h ryS < 1) in the unitary minimal models. Although we cannot compute all corre- 
lation functions directly from fl3.50| ), that equation nevertheless does in principle contain 
complete information about all correlation functions, as all the fields r s can be obtained 
from the operator product expansion of fields with \r — s\ < 1. For example, using the 
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OPE 

$2,1 x $ 2)1 ~ [I] + [$ 3 ,i], (3.58) 
which can be deduced from (|3.57 ), we can obtain the n-point function of $31 fields from 



the 2n-point function of $2,1 fields. 



4 SU(2)/U(l) and SL(2,K)/U(1) Models 



In this section we discuss the use of eq. (|2.35|) in the closely related coset models for 



SU(2)/U(1) and SL(2,K)/U(1). In both cases the central charge is 

3k 



- 1, (4.59) 



k + 2 

but in the case of SU (2)/U(l) k is a positive integer, while in SL(2, TZ)/U(1) k is negative 
and not necessarily an integer. In particular, k = —9/4, c = 26 gives the 2D back hole 



14|. The SU(2)/U(1) model with integer k is the Zk parafermion model of [ 28| . Our 



convention for the sign of k in SL(2,1Z)/U(1) is opposite to fl^ , so that we can use the 



same equations for both SU(2)/U(1) and SL(2,K)/U{1). Also, in SL(2,K)/U(1) the 
U(l) subgroup can be either compact or non-compact. In the case when £7(1) is compact, 
our equation takes the following form 

a N ( t A t A t 3 ?^ 1 1 

d - + 2E h^-f — \((Mzi,Si)M*,*)-'-*»(zn,zn))) = 0, 

(4.60) 

where tf G SC{2). While in the non-compact case, the equation is 

a N t t A t A 1 1 

(4.61) 

in the case of SU(2)/U(1), the U(l) subgroup is always compact, and so the equation is 
( |4.60| ) with tf G SU{2). The conformal dimension given by eq. Q2.39| ) for a field 
with SU{2) or SL{2,K) isospin j and t 3 $g = m$g, = m$g is 
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In the case of a compact U(l), #33 = +1, and in the non-compact case #33 = — 1. In 
the case of SU(2), j is of course an integer or half- integer with < j < k/2, and, 
m = —j, — j + 1, . . . , j. However, for the SL(2,7Z)/U(1) model of 2D black holes jnj we 
are most interested in the infinite dimensional representations of SL(2,TZ), and so j can 
take any value. If the U(l) group is non-compact, correlation functions will only be gauge 
invariant, (and satisfy the differential equations for both z and z) if m + m = 0, while if 
the U(l) group is compact, we can have m + m = nk for integer n. Of course, in the case 
of SU(2)/U(1) \m\ < k/2 anyway, so we can only have n = 0. 

As with the minimal models, the solutions to eqs. ( |4.6U| ) and fl4.61| ) can be expressed 
as products of conformal blocks from SU{2) k or SL(2,TZ)k and f/ WZNW models, 
giving: 

({^Zizi) . . . *£S£far)>> - II(* - ^Gm 1 ,...,n W (*i, • • • , *n). (4-63) 

i<j 

Where G mir __ >m , N (zi, . . . ,zn) is a solution to the KZ equation for SU{2)k or SL(2,7t)k, 
and the prefactor is a [/(].)_& correlation function. The simplest example is the four-point 

function for the field in the fundamental representation of SU(2), $ = 2 + In 

2 ' 2 2 > 2 

order to use ( 4.63| ) it is convenient to write the SU(2)k conformal blocks ( 3.53 ) as 





[x) 


— Fi,ik]( x ) 




[x) 


= f£U x ) 




[x) 





FWj(x). (4.64) 



Using eqs. ( |3.53| ), Q4.63| ) and ( f4.64[ ), the conformal blocks in the SU(2)/U(1) model can 



now be written as : 



^(0,D( X ) = X -2A (1 _ x )Ai-2A F( _J_ 1 * ) 

v ; v ; 2 + /c 2 + k 2 + k 



(4.65) 



15 



where A 1 = - £ = A*, A 2 = 1 - \ = A^~\ and A 3 = ^ = A?. When fc = 1, c = 



and A = 0, and flPSD simplifies to .FC ' 1 )^) = ^°' 2 )(z) = 1. When jfe = 2, c = |, ( ^65|) 



reduces to the conformal blocks for the field for the minimal model with k = 1 ( |3.57| ). 
The full four-point function must obey both eq. ( |4.60|) and, because of gauge invariance, 



the same equation with tf and tf replaced by z u tf and respectively The general 
solution is: 

1 



a,b=0 



(4.66) 

The constraints of locality at x — 0, 1 and crossing symmetry imply 

^i=^o=0, U^ = W^, U^ = U 2 , A = 1,2 (4.67) 

2), 



h is the same as in eq. ( |3.53|) . Eq. ( 4.66|) does not contain terms such as {x)J-^ a '"' ( .'• 



even before locality and crossing symmetry are imposed, because this would be a solution 
to eq. ([4.60|) for the function (($+(l)$t(2)<I>+(3)$t(4))), and to the equation for x for 
the different function (($;(l)$;(2)$t(3)$±(4))). 

The solution above also applies in the case of SL(2,1Z)/U(1) with a compact U(l), 
but correlation functions of fields in finite dimensional representations of SL(2, 7V) are not 
very useful for the study of the 2D black hole. In order to study the infinite dimensional 
representations of the coset SL(2)/U(1), we make use of the following representation of 
the SL{2) generators: 



d_ 



t = y 2 -^ - 2jy, (4.68) 



* 3 = 



d_ 

dy 



Then, the residual symmetries impose the following constraints 



JV 

E 

n=l 



(($ 1 (z 1 ,y 1 )..& 3 (z 2 ,y 2 ))) = 0, (4.69) 



where / = —1, 0, 1. These constraints are nothing but the Ward identities of the SL(2) 
projective conformal group acting on parameters y n . In particular, the four-point function 
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depending on yi, y 2 , 2/3, 2/4, due to the Ward identities, can be presented as follows 



G(yi, 2/2, 2/3, 2/4) = \(yi - jfcXjfc - ys)} 2j F(t) 



(4.70) 



where 



(l/i -02X3/3-3/4) 



(4.71) 



(l/i -1/4) (1/3 -1/2)' 

the function F depends only on t , whereas j is the SL(2) spin of the operator $. With 
the representation ( 4.68|) , eq. ( |4.60| ) takes the form 



N 



1 



1 (.._&_ 

k \ %V °dyidyj 



2(fc + 2) 



<9 







, d 2 , . / 9 9\ 



oyj dyi 



(($!(!) ...$ JV (iV))) = 0. (4.72) 



Here jj is the SL{2) spin of the operator $ i5 $(1) = $(zi, £1, y±, yi) and we have used the 
representation (|4.68|) for both left and right SL(2) groups, so t 3 becomes y-^= — j. As long 
as we are only interested in the z and not the z dependence of the correlation functions, 
we can replace tf by the U(l) charge The solutions to eq. ( 4.72|) can then, as before, 
be written as products of SL(2) and U(l) factors: 



(($fHi) 



SL{2) 



(zi,yi, 



zn,Vn) T[(zi - Zj) s (4.73) 

i<j 



Where F S L(2)(zi,yi, ...,z N ,y N ) satisfies 



d N I 



d 2 



dyidy. 



' d d \ 



1 SL{2) 



(4.74) 



Equation ( |4.74| ) is closely related to the equation for correlation functions in gravitation- 
ally dressed CFTs derived in [pi]] . Indeed, if we put j t = —A, k + 2 = —7, z^, = xf and 
j/j = z~ in ( |4.74| ), we get equation (2.41) from PH|*[ The important difference is that 
in the case of gravitationally dressed CFTs both the coordinates appearing in Q4.74Q are 
world-sheet coordinates, while in the present case y is an extra SL(2) coordinate. An- 
other unusual feature of eq.( |4.72| ) is that the fields $j each contain a number of different 
*In eqs fl4.72| ) and we have used t A t A = rjap^t 13 , with 7733 = 1, = r;_+ = -1/2. Since k is 



negative, this gives the SL(2,1Z) metric krj a /3 the signature (- 
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primary fields (because $j has components with different U(l) charges. To see this, we 
write $j as 

z, y,v) = Y i z)y j+m y j+fh - (4-75) 

m,m 

The solution to ( J4.72[ ) for the 2-point function is then: 



(<^M«(0)>>oc 



2A m 



(4.76) 



We now turn to the four-point function of the fields $. As above, the conformal blocks 
can be written as products of SL{2)k and U(l)-k factors, and eq. Q4.74|) for the the SL(2) 
factor becomes 



f S l{2) = [(yi - y 3 )(y2 - va)} 2j [{zi - z 3 )(z 2 - z 4 )] V/ G(x,t) 

() 1 ~\ x _ t )^-ti- - (1 + Aj)t^- - 2j 2 — ) G{x, t) = (4.77) 
x J dt dt K JJ dt t-l\ K J v ; 



(k + 2)x 



dx 1 

Unlike the cases we have considered up to now, this partial differential equation is difficult 



to solve exactly. In f2~I |, a solution was found for the behaviour as t — > 1, but to find the 
behaviour of four point functions of the primary fields we need to know the behaviour 
to all orders in t, even if we are only interested in the region where x — > or x — > 1. Even 
so, the solution from ]2T] is interesting because it has a logarithmic dependence on t and 
x which presumably will also occur in the full solution. The solution to leading order in 
t - 1 is: 



G(x,t) 



~t - 


r 


-2j - 


log 


X 





2^(l)-V(-2j)-log(-fc-2)-lof 



t 



logo; 



+ 



(4.78) 



The log(£ — 1) term indicates the appearance in the operator product expansion of an 
operator O for which, instead of ( [4.75| ), we have the expansion 



0(z,y) = £ (O m (z) + O m (z) logy) y 



j+m 



(4.79) 



It can be seen from ( |4.68|) that O m (z) and O m (z) form a representation in which t 3 cannot 
be diagonalized, and has the Jordan block structure: 



t A O m (z) 



mO m (z) 



i 3 O m {z) = mO m (z) + O m (z) 
18 



(4.80) 



This is similar to the situation when a four point function has a logarithmic dependence on 
x, which indicates the appearance in the OPE of logarithmic operators, which form Jordan 
blocks for the Virasoro generator L |]26||. This is not surprising, as it was predicted in ]25 



that logarithmic operators should appear in the spectrum of the 2D black hole. However, 
the operators O m (z) which exist in the SL(2,TZ)/U(1) coset model and in gravit at tonally 
dressed CFT, and also presumably in other coset models based on non-compact groups, 
differ from the logarithmic operators that have been studied up to now in that they form 
indecomposable representations of both the Kac-Moody and Virasoro algebras. In an 
ordinary logarithmic CFT, there is a pair of operators C and D which satisfy: 

L C = AC 

L D = AD + C (4.81) 

In the SL(2,7Z) WZNW model, the operator 0(z,y), although it is in a reducible but 
indecomposable representation of SL(2,TZ), is an ordinary primary field of the Virasoro 
algebra, since using eqs. ( |4.79|) and ( |4.68| ) together with JqO(z,i/) = t A 0(z,y) we find 
as usual: 



1 T A T A„r„ „A_iO' + 1 ) 

However, in the coset model we have 



L„0 = j^jtftf O - \p a P a O (4.83) 

which follows from ( |2.37| ) (the analysis leading to eq. ( j2.35| ) is the same for the operators 
O as for ordinary operators). Using eq. fl4.80|) we now find: 



If we now put C = —^rO m and D = O m , this takes the usual form ( f4.81| ). We can 



therefore see that operators which form indecomposable representations of SL(2,TZ) are 
primary operators in the WZNW model but become logarithmic operators after the model 
is gauged. 
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5 Mix of gravitational and gauge dressings 



One can consider a gauged WZNW model coupled to 2D gravity. As is well known 



2D gravity affects both anomalous conformal dimensions and correlation functions fll8 



Therefore, it is interesting to study the gravitational effects on the gauged WZNW models. 
Our starting point, as usual, will be the classical equation of motion of the gauged WZNW 
model. 



In the presence of 2D gravity taken in the light cone gauge [17 



h = 0, 

the equation of motion is given as follows 

/,; [ d + hd + A{8h) 



(5.85) 



9 



-gA = Jg, 



(5.86) 



where A is the conformal dimension of g, classically, A = 0. Here J is an affine current 
which obeys the same commutation relations as J in eqs. (2.10). 

At the quantum level due to renormalization of the singular products, the equation of 
motion becomes 



d + hd + A(dh) 



g _ vgA + -Jg = . (5.87) 

K 

Because in the light cone gauge 2D gravity does not change the residual symmetries, the 
constants r], k will be the same as without gravity, 

k + 2c v (H) 1 



V 



K 



(5.88) 



k + c v (H)' " k + c v {G)' 

Whereas the dressed conformal dimension A is to be found from the gravitational Ward 
identities combined with the gauge Ward identities. 

The gravitational Ward identities universal for all CFT's have been derived in | ITfl . In 
particular, 



< h(z)^!(zi, zx)....^ N (z N , Z N ) > 



(5.89) 



z — Za dz; 



2A,- 



Z — Za 



< $l(Zi,^i)....$iv(^l,^iv) > 
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Here the constant 7 is given as follows 



c - 13 ± yj(c- l)(c-25) 



where 



/cdimG 



12 



dim /J 



c = 



(5.90) 



(5.91) 



fc + c y (G9 k + c v (HY 
and the +sign is chosen for c > 25, and the —sign for c < I. 

By using this identity and its derivative with respect to z in combination with the 
gauge Ward identities, one can finally arrive at the following equation 



N 



ld_ ^ 

2d* " ^ 



t A t A 



j-aj-a 
L i L 3 



k + c v (G) k + c v (H) 



N 



-Zj + 2 7 ^ 

J ' 3+^ 



(5.92) 



+ 2A 



d 



^3_ - 



d_ 

dzi 



2A 2 



2^7, 



< $(zi,zi)....$(^,zjv) >= 0. 



The latter equation can be presented as follows 



N 



-- + E 



fc+c v (G) 



k+c v (H) 



K+2 



Zi Zj 



> < $i(^i, Zi)....$jv(^, ^7V) >= 0, 

(5.93) 



where the SL(2) generators T" are given as follows 



d 



T? = z^— - (a + l)A,z?, 



a 



•1, 0, +1. 



(5.94) 



In the case of the two-point function, one can obtain the following relation for the 
dressed conformal dimensions: 



Aj - A 0i 



Aj(Aj - 1) 



7 



(5.95) 



where A j is the conformal dimension without gravity. ^From our differential equation 
itself, it does not follow that the holomorphic Aj and the antiholomorphic Aj conformal 
dimensions coincide. However, Lorentz symmetry imposes one extra condition on the 
conformal dimensions, which is as follows 



Aj — Aqi — Aj — Aoj. 



(5.96) 



21 



This constraint guarantees that the Lorentz spin of operators is not affected by the grav- 
itational dressing. Thus, our differential equation gives rise to the known KPZ formula 

A, - A , = A * (Ai ~ 1} , (5.97) 

7 

6 Conclusion 

By using the Polyakov chiral gauge approach, we have derived a few KZ-type equations 
which allow us to compute correlation functions of gauged WZNW models. We have 
checked that our equations give the correct expressions for correlators of the minimal 
models. In the case of Witten's 2D black hole, we saw that our equation closely resembles 
the equation describing the gravitational dressing. It might be interesting to pursue 
further this analogy to consider the case of the continuous unitary representations of 
SL(2). As is known these representations admit complex values for the spin j p9| . 
Since, following the above analogy with 2D gravity, j is to be identified with the dressed 
conformal dimension, it is curious to know what implications would this fact mean for 2D 
gravity? 

Another interesting question is about a relation between our equation ( |2.35| ) and the 



equation obtained in |L2| on the bases of the affine-Virasoro construction. At least for 
the minimal models both the equations give rise to the correct correlation functions. At 
the same time, it is obvious that the two equations have different structures. Indeed, 



the equation in |T2[ has its connection W{ already expressed in terms of some correlation 
functions. We can think of one possible explanation to the existence of two different 
equations having one and the same solutions. Namely, this situation may occur in gauge 
invariant theories when one uses two different gauges. However, we do not know what 



gauge could lead to the equation in [[L2| , because it is not clear to us how this equation 
can be derived directly from the equations of motion of the gauged WZNW model. We 
also would like to point out other generalizations of the KZ equation considered in [|30| 



The equations which we have studied in the present paper have many more solutions 
than we have actually discussed. Some of them may be important for a better understand- 
ing of the dynamical properties of the gauged WZNW models. Especially, it is interesting 
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to look for solutions to eq. ( f4.74|) corresponding to the continuous representations as they 
appear to be very significant for 2D black holes. 
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